Abstract. In this article, we continue the classification of finite type Gauss map surfaces in the Euclidean 3-space E 3 with respect to the first fundamental form by studying a subclass of tubes, namely the anchor rings. We show that anchor rings are of infinite type Gauss map.
Introduction
The theory of Gauss map of a surface in a Euclidean space has been investigated from the various viewpoints by many differential geometers [16, 17, 18, 19, 23, 24, 25, 26, 27, 28, 29, 30, 33] , and it has been a topic of active research. In this paper, we will be concerned with the theory of finite type Gauss map of surfaces in the Euclidean 3-space. Related to this subject many interesting results have been found in [4, 5, 7, 8, 22] .
In 1983 B.-Y. Chen introduced the notion of Euclidean immersions of finite type [10] . A surface S is said to be of finite type corresponding to the first fundamental form I, or briefly of finite I-type, if the position vector x of S can be written as a finite sum of nonconstant eigenvectors of the Laplacian ∆ I , that is,
where c is a fixed vector and λ 1 , λ 2 , . . . , λ k are eigenvalues of the operator ∆ I . In particular, if all eigenvalues λ 1 , λ 2 , . . . , λ k are mutually distinct, then S is said to be of finite I-type k. When λ i = 0 for some i = 1, . . . , k, then S is said to be of finite null I-type k. Otherwise, S is said to be of infinite type.
In general when S is of finite type k, it follows from (1.1) that there exists a monic polynomial, say 
Very little is known about surfaces of finite type in the Euclidean 3-space E 3 . Actually, so far, the only known surfaces of finite I-type in E 3 are the minimal surfaces, the circular cylinders, and the spheres. So in [9] B.-Y. Chen mentions the following problem Problem 1. classify all surfaces of finite Chen I-type in E 3 .
Many authors have been interested and studied this problem by investigating special classes of surfaces. More precisely, starting from the late 1980s, the above problem was solved for the class of spiral surfaces, tubes, ruled surfaces, quadric surfaces and the compact and noncompact cyclides of Dubin, see [3, 11, 12, 13, 20, 21] . Meanwhile, this problem still not solved yet for the class of surfaces of revolution, translation surfaces, as well as helicoidal surfaces.
We consider the surface S in E 3 . The map n : S → M 2 which sends each point of S to the unit normal vector to S at the point is called the Gauss map of the surface S, where M 2 is the unit sphere in E 3 centered at the origin. In this regard, the above problem can be generalized by studying surfaces whose Gauss map n is of finite type with respect to the first fundamental form (see [15] ), so specifically in the Euclidean 3-space, we pose the following problem Problem 2. Classify all surfaces with finite type Gauss map in E 3 .
Regarding to this, problem 2 was solved for the class of spiral surfaces [3] , cyclides of Dupin [5] , ruled surfaces and tubes [6] . However, surfaces of revolution, translation surfaces, cones, quadric surfaces, as well as helicoidal surfaces, the classification of its finite type Gauss map is not known yet.
Preliminaries
Let x = x(u 1 , u 2 ) be a regular parametric representation of S in E 3 . For a sufficient differentiable function f (u 1 , u 2 ) the second Beltrami-Laplace operator with respect to the first fundamental form I = g ij du i du j of S is defined by
where g := det(g ij ) and g ij denote the components of the inverse tensor of g ij . Applying (2.1) for the position vector x, we have the following well-known formula 
where K denotes the Gaussian curvature of S. Up to now, the only known surfaces of finite type Gauss map are the spheres, the minimal surfaces, and the circular cylinders. In the present paper, we mainly focus on problem 2 by studying a subclass of tubes in E 3 , namely anchor rings.
Anchor rings in E 3
First we define tubes in the Euclidean 3-space. Let C : α = α(t), t ǫ(a, b) be a regular unit speed curve of finite length which is topologically imbedded in E 3 . The total space N α of the normal bundle of α ((a, b) ) in E 3 is naturally diffeomorphic to the direct product (a, b) × E 2 via the translation along α with respect to the induced normal connection. For a sufficiently small r > 0 the tube of radius r about the curve α is the set:
Assume that t, h, b is the Frenet frame and that κ is the curvature of the unit speed curve α = α(t). For a small real number r satisfies 0 < r < min 1 |κ| , the tube T r (α) is a smooth surface in E 3 [32] . Then, a parametric representation of the tube T r (α) is given by ̥ : x(t, ϕ) = α + r cos ϕh + r sin ϕb. It is easily verified that the first fundamental form of ̥ is given by
where δ := (1 − rκ cos ϕ) and τ is the torsian of the curve α. The Beltrami operator corresponding to the first fundamental form of ̥ can be expressed as follows
where β := κ´cos ϕ + κτ sin ϕ and´:= d dt . Now, we define an anchor ring in the Euclidean 3-space. A tube in E 3 is called an anchor ring if the curve C is a plane circle (or is an open portion of a plane circle). In this case, the torsian τ of α vanishes identically and the curvature κ of α is a nonzero constant. Then, the position vector x of the anchor ring can be expressed as [1, 2] ̥ : x(t, ϕ) = {γ cos ϕ, γ sin ϕ, r sin t}, (3.1) a > r, aǫR, where γ := a + r cos t. Then the first fundamental form of (3.1) is
Hence, the Beltrami operator is given by
Denoting by n the Gauss map of ̥, then we have n = {− cos t cos ϕ, − cos t sin ϕ, − sin t}.
Let n 3 be the third coordinate function of n. By virtue of (3.2), one can find
Moreover, by direct computation, we obtain
which can be rewritten as
where F 2 (sin t, cos t) is a polynomial in sin t and cos t of degree 3. Applying relation (3.2) on (3.4) gives
where F 3 (sin t, cos t) is a polynomial in sin t and cos t of degree 5. For each integer k > 0 it can be easily seen that
where Q k (sin t, cos t) is a polynomial in sin t and cos t of degree 2k − 1 and λ k = k j=1 (2j − 1)(2j − 3). Therefore, one can find
where F m (sin t, cos t) is a polynomial in sin t and cos t of degree 2m − 1. Notice that λ k = 0, for each natural number k. Now, if the Gauss map n is of finite type, then there exist real numbers, c 1 , c 2 , ..., c m such that
Since n 3 = − sin t is the third coordinate of n, one gets where R(cos t, sin t) is a polynomial in cos t and sin t of degree 2m − 1. This is impossible for any m ≥ 1 since λ m = 0. Consequently, we have the following Theorem 1. Every anchor ring in the Euclidean 3-space is of infinite type.
